For a class of linear partial differential equations with variable coefficients, it is shown that the Gevrey regularity of solutions depends on their growth at infinity.
RELATION BETWEEN GROWTH AND REGULARITY OF SOLUTIONS OF HYPOELLIPTIC EQUATIONS
Abstract. For a class of linear partial differential equations with variable coefficients, it is shown that the Gevrey regularity of solutions depends on their growth at infinity.
Let P(D) be a partial differential operator with constant coefficients. If P(D) is hypoelliptic, then all distributions u in Rn, solutions of the equation (1) P(D)u = 0, are C°°-functions which belong to a Gevrey class Td(Rn), where d = (di,... ,dn) and dj > 1, j = l,...,n. This means that for every compact set K C Rn there is a constant C > 0 such that (2) |Dau(x)|<G|a|+1<ldlaf2d2---<"d", xeK for every multi-index a. V. V. Grusin [2] has shown that, for a given solution u of equation (1), the Gevrey class Td(Rn) depends not only on the differential operator P(D) but also on the growth of u at infinity. In fact, the numbers dj, j = 1,..., n, can be lowered and condition (2) can be replaced by a global condition in Rn, if one considers solutions of finite exponential order of growth in Rn.
The aim of this paper is to extend Grusin's investigations to a class of partial differential operators with variable coefficients.
1. The case of operators with constant coefficients. We recall briefly some of the results obtained in [2] .
Let P(D) be a differential operator with constant coefficients and P(£) the corresponding polynomial. We denote by J^k the set of all c = (ci,..., <;") € Cn such that P(ç) -0 and ImCj = 0 for j ^ k. If P(D) is hypoelliptic, then there are rational numbers dj > 0 and constants Clf > 0, j, k = 1,..., n, with the following properties:
(hi) If ç = £ + in, where £ = (&,..., f") and r¡ = (iji,... ,f/n) are in Rn, then (3) $\<Cf(i + \Vrfi=Cj(l + \Vk\fi.
(h2) d* are the smallest numbers for which the inequalities (3) are valid with some constants C!-.
We call the numbers dj the exponents of hypoellipticity of the operator P(D). We note that dj corresponds to 1/7? in [2] .
It is well known that every differential operator P(D) with constant coefficients has a tempered fundamental solution, i.e. there exists a tempered distribution E such that (ei) If dj,k,j -l,...,n, are exponents of hypoellipticity of P(D) and dj = maxi<k<ndkj > 1, then E e rd(i?n\{0}), where d= (di,...,dn).
(e2) There exists an integer / > 0 such that
for every multi-index a.
In particular, the property (ei) implies that every distribution u, solution of equation (1) We now state a version of the theorem of Grusin [2, Theorem 4.1]) which establishes the relation between growth and regularity of solutions of equation (1).
THEOREM l. Let P(D) be a hypoelliptic differential operator and dk,j,k = 1,..., n, its exponents of hypoellipticity. Furthermore, let u be a solution of equation (1) which satisfies the growth condition REMARK. Since pk > 1, clearly dk/qk < dk, j, k -1,..., n, which shows that the regularity is improved due to the restriction of the growth of u.
2. The case of operators with variable coefficients. We consider a differential operator of the form
where PV(F>) are operators with constant coefficients and the functions a" satisfy certain regularity and growth conditions. Specifically, we make the following assumptions on the operators PV(D):
(ci) The operator Pq(D) is hypoelliptic. We denote by dk, j, k -1,... ,n, its exponents of hypoellipticity and assume that dk > 1.
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(c2) For j = 1,... ,n and u = 1,... ,r, (9) / ^MdÇKoo, JR" Po(Ç) where P(f) = (£a l^(a)(€)la)1/3 and P^(Ç) = DaP(£).
Note that, because of (ci), Pq{D) satisfies the conditions imposed on P(D) in Theorem 1. Also, condition (c2) implies that, for any xo e Rn, P(xo, D) and Pq(D) are equally strong. Hence P(xq,D) is hypoelliptic for every xo e Rn, by (ci) and Theorem 4.1.6 in [3] . Moreover, if au,v = l,...,r, are C°°-functions then every distribution u in Rn, solution of the equation (10) P(x,D)u = 0, is a C7°°-function, by Theorem 7.4.1 in [3] . We wish to study solutions of equation (10) which satisfy the growth condition (6).
We make the following assumption on the functions a": (C3) Let pj = mini</t<"d£/c;/t, j = l,...,n, and let c be the constant in ( 
